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ON GENERALIZED NEAR-GROUP FUSION CATEGORIES
JINGCHENG DONG
Abstract. In this paper, we study the structure of a generalized near-
group fusion category and classified it when it is slightly degenerate.
1. Introduction
Let C be a fusion category, and let G be the group generated by invertible
simple objects of C. Then there is an action ofG on the set of non-isomorphic
non-invertible simple objects by left tensor product. If this action is tran-
sitive then C is called a generalized near-group fusion category in [15]. In
his thesis [15], Thornton proved that C is ϕ-pseudounitary and classified C
when it is symmetric or modular.
Let C be a generalized near-group fusion category. Then for every non-
invertible simple object X, X ⊗ X∗ admits the same decomposition (see
Section 3):
X ⊗X∗ =
⊕
h∈Γ
h⊕ k1X1 ⊕ · · · ⊕ knXn,
where {X1, · · · ,Xn} is a full list of non-isomorphic non-invertible simple
objects of C, Γ is the stabilizer of X under the action of G. In this pa-
per, we shall say that C is a generalized near-group fusion category of
type (G,Γ, k1, · · · , kn). If (k1, · · · , kn) = (0, · · · , 0) then C is a general-
ized Tambara-Yamagami fusion category introduced in [8]. If C exactly has
one non-invertible simple object, then G = Γ and C is a near-group fusion
category introduced in [14]. The main goal of this paper is to study the
structure of C and classify it when it is slightly degenerate.
The paper is organized as follows. In Section 2, we recall some basic
results and prove some basic lemmas which will be used throughout.
In Section 3, we study the fusion rules, non-pointed fusion subcategories
of a generalized near-group fusion category C. In particular, we obtain that
every component Cg of the universal grading exactly contains the simple
objects αg, αg ⊗ Y1, · · · , αg ⊗ Ys, where αg is an invertible simple object in
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Cg and 1, Y1, · · · , Ys is a list of all nonisomorphic simple object in the adjoint
subcategory Cad.
In Section 4, we study the slightly degenerate generalized near-group fu-
sion categories. Our result shows that slightly degenerate generalized near-
group fusion categories fit into four classes.
2. Preliminaries
A fusion category C is a C-linear semisimple rigid tensor category with
finitely many isomorphism classes of simple objects, finite-dimensional vec-
tor space of morphisms and the unit object 1 is simple.
2.1. Invertible simple objects. Let C be a fusion category. The tensor
product in C induces a ring structure on the Grothendieck ring K(C). By
[4, Section 8], there is a unique ring homomorphism FPdim : K(C) → R
such that FPdim(X) ≥ 1 for all nonzero X ∈ C. We call FPdim(X) the
Frobenius-Perron dimension of X. The Frobenius-Perron dimension of C
is defined by FPdim(C) = ∑X∈Irr(C) FPdim(X)2, where Irr(C) is the set of
isomorphism classes of simple objects in C.
A simple object X ∈ C is called invertible if X⊗X∗ ∼= 1, where X∗ is the
dual of X. This implies that X is invertible if and only if FPdim(X) = 1.
A fusion category C is called pointed if every element in Irr(C) is invertible.
Let Cpt be the fusion subcategory generated by all invertible simple objects
in C. Then Cpt is the largest pointed fusion subcategory of C.
Let G(C) be the group generated by Irr(Cpt). Then G(C) admits an action
on the set Irr(C) by left tensor product. Let G[X] be the stabilizer of any
X ∈ Irr(C) under this action. Hence for any simple object X, we have a
decomposition
X ⊗X∗ =
⊕
g∈G[X]
g ⊕
∑
Y ∈Irr(C)/G[X]
dimHom(Y,X ⊗X∗)Y.
(2.1)
2.2. Group extensions of fusion categories. Let G be a finite group.
A fusion category C is graded by G if C has a direct sum of full abelian
subcategories C = ⊕g∈GCg such that (Cg)∗ = Cg−1 and Cg ⊗ Ch ⊆ Cgh for all
g, h ∈ G. If Cg 6= 0 for any g ∈ G then this grading is called faithful. If this
is the case we say that C is a G-extension of the trivial component Ce.
If C = ⊕g∈GCg is faithful then [4, Proposition 8.20] shows that
FPdim(Cg) = FPdim(Ch), FPdim(C) = |G|FPdim(Ce),∀g, h ∈ G.(2.2)
It follows from [7] that every fusion category C has a canonical faithful
grading C = ⊕g∈U(C)Cg with trivial component Ce = Cad, where Cad is the
adjoint subcategory of C generated by simple objects in X ⊗ X∗ for all
X ∈ Irr(C). This grading is called the universal grading of C, and U(C) is
called the universal grading group of C.
GENERALIZED NEAR-GROUP FUSION CATEGORIES 3
2.3. Mu¨ger centralizer. A braided fusion category C is a fusion category
admitting a braiding c, where the braiding is a family of natural isomor-
phisms: cX,Y :X⊗Y → Y ⊗X satisfying the hexagon axioms for all X,Y ∈ C.
Let D be a fusion subcategory of a braided fusion category C. Then the
Mu¨ger centralizer D′ of D in C is the fusion subcategory generated by
D′ = {Y ∈ C|cY,XcX,Y = idX⊗Y for allX ∈ D}.
The Mu¨ger center Z2(C) of C is the Mu¨ger centralizer C′ of C.
Definition 2.1. A braided fusion category C is called non-degenerate if its
Mu¨ger center Z2(C) = Vec is trivial.
The following theorem implies that a braided fusion category containing
a non-degenerate subcategory admits a decomposition in terms of Deligne
tensor product. In the case when C is modular, it is due to Mu¨ger [10,
Theorem 4.2]
Theorem 2.2. [3, Theorem 3.13] Let C be a braided fusion category and
D be a non-degenerate subcategory of C. Then C is braided equivalent to
D ⊠D′, where ⊠ stands for the Deligne tensor product.
A braided fusion category C is called symmetric if Z2(C) = C. A sym-
metric fusion category C is called Tannakian if there exists a finite group G
such that C is equivalent to Rep(G) as braided fusion categories.
By [3, Corollary 2.50], a symmetric fusion category C is a Z2-extension of
its maximal Tannakian subcategory. In particular, if FPdim(C) is odd then
C is automatically Tannakian.
Symmetric categories are completely degenerate categories, while non-
degenerate fusion categories are completely non-degenerate. Between these
two extremes, we also consider the following case.
Definition 2.3. A braided fusion category C is called slightly degenerate
if its Mu¨ger center Z2(C) is equivalent, as a symmetric category, to the
category sVec of super vector spaces.
Lemma 2.4. [2, Proposition 2.5] Let C be a slightly degenerate braided fusion
category. Then one of the following holds true.
(1) FPdim(Cpt) = |U(C)| and Z2(C) * Cad.
(2) FPdim(Cpt) = 2|U(C)| and Z2(C) ⊆ Z2(Cad) = Z2(C′ad).
Let Irrα(C) be the set of non-isomorphic simple objects of Frobenius-
Perron dimension α.
Lemma 2.5. Let C be a braided fusion category. Suppose that the Mu¨ger
center Z2(C) contains the category sVec of super vector spaces. Then the
cardinal number of Irrα(C) is even for every α.
Proof. Let δ be the invertible object generating sVec, and let X be an ele-
ment in Irrα(C). Then δ ⊗X is also an element in Irrα(C). By [9, Lemma
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5.4], δ ⊗X is not isomorphic to X. This implies that Irrα(C) admits a par-
tition {X1, · · · ,Xn} ∪ {δ ⊗X1, · · · , δ ⊗Xn}. Hence the cardinal number of
Irrα(C) is even. 
2.4. Exact factorizations of fusion categories. Let C be a fusion cate-
gory, and let A,B be fusion subcategories of C. Let AB be the full abelian
(not necessarily tensor) subcategory of C spanned by direct summands in
X ⊗ Y , where X ∈ A and Y ∈ B. We say that C factorizes into a product
of A and B if C = AB. A factorization C = AB of C is called exact if
A ∩ B = Vec, and is denoted by C = A • B, see [6].
By [6, Theorem 3.8], C = A•B is an exact factorization if and only every
simple object of C can be uniquely expressed in the form X ⊗ Y , where
X ∈ Irr(A) and Irr(B).
3. Structure of a generalized near-group fusion category
In the rest of this paper, we assume that the fusion categories involved
is not pointed, since pointed fusion categories have been classified, see e. g.
[13].
Let C be a fusion category. Recall from Section 2.1 that G := G(C) acts
on Irr(C) by left tensor product.
Definition 3.1. A generalized near-group fusion category is a fusion cate-
gory C such that G transitively acts on the set Irr(C)/G.
Let C be a generalized near-group fusion category and let Irr(C)/G =
{X1, · · · ,Xn} be a full list of non-isomorphic non-invertible simple objects
of C. By equation 2.1, we may assume
X1 ⊗X∗1 =
⊕
h∈Γ
h⊕ k1X1 ⊕ · · · ⊕ knXn,(3.1)
where Γ = G[X1] is the stabilizer of X1 under the action of G, k1, · · · , kn
are non-negative integers.
Lemma 3.2. Let C be a generalized near-group fusion category. Then the
fusion rules of C are determined by:
(1) For any 1 ≤ i ≤ n, we have
Xi ⊗X∗i = X1 ⊗X∗1 .
(2) For any 1 ≤ i, j ≤ n, there exists g ∈ G such that
Xi ⊗Xj =
⊕
h∈Γ
gh ⊕ k1g ⊗X1 ⊕ · · · ⊕ kng ⊗Xn.
Proof. (1) Since G transitively acts on Irr(C)/G(C), there exists gi ∈ G such
that X∗i = gi ⊗X∗1 for any i. Then
Xi ⊗X∗i ∼= X∗∗i ⊗X∗i ∼= (gi ⊗X∗1 )∗ ⊗ (gi ⊗X∗1 )
∼= X1 ⊗ g∗i ⊗ gi ⊗X∗1 ∼= X1 ⊗X∗1 .
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(2) For any i, j, there exists g ∈ G such that Xi ∼= g ⊗X∗j . Then
Xi ⊗Xj ∼= g ⊗X∗j ⊗Xj ∼= g ⊗ (
⊕
h∈Γ
h⊕ k1X1 ⊕ · · · ⊕ knXn)
∼=
⊕
h∈Γ
gh ⊕ k1g ⊗X1 ⊕ · · · ⊕ ksg ⊗Xn.

Let G,Γ and k1, · · · , kn be the data associated to C as in Lemma 3.2. We
shall say C is a generalized near-group fusion category of type (G,Γ, k1, · · · , kn).
Proposition 3.3. Let C be a generalized near-group fusion category of type
(G,Γ, k1, · · · , kn). Then
(1) Γ is a normal subgroup of G.
(2) Irr(C) = G ∪ {Xs|s ∈ G/Γ}, where Xg = g ⊗X1, g ∈ G.
(3) The rank of C is [G : Γ](1+|Γ|) and FPdim(C) = [G : Γ](FPdim(X)2+
|Γ|).
Proof. (1) By Lemma 3.2, G[g ⊗X1] = G[X1] = Γ for any g ∈ G. On the
other hand, G[g ⊗X1] = gG[X1]g−1 = gΓg−1. Hence Γ is normal in G.
(2) Let Xg = g ⊗ X1 for every g ∈ G/Γ. Since Γ = G[X1], we have
g ⊗X1 ∼= h ⊗X1 if and only if h−1g ⊗X1 ∼= X1 if and only if h−1g ∈ Γ if
and only if g = h in G/Γ. Hence the isomorphic class of Xg is well defined.
(3) Part (3) follows from Part (2). 
Remark 3.4. Let C be a generalized near-group fusion category of type
(G,Γ, k1, · · · , kn).
(1) If (k1, · · · , kn) = (0, · · · , 0) then Xi ⊗Xj is a direct sum of invertible
simple objects by Lemma 3.2. Then C is a generalized Tambara-Yamagami
fusion category introduced in [8]. In fact, it is easily observed that C is a
generalized Tambara-Yamagami fusion category if and only if (k1, · · · , kn) =
(0, · · · , 0).
(2) If C exactly has one non-invertible simple object, then G = Γ and C
is a near-group fusion category introduced in [14].
Proposition 3.5. Let C be a generalized near-group fusion category of type
(G,Γ, k1, · · · , kn). Assume that D is a non-pointed fusion subcategory of C.
Then D is also a generalized near-group fusion category.
Proof. We shall prove that G(D) transitively acts on Irr(D)/G(D). Let Xi
and Xj be non-invertible simple objects in D. Then there exists g ∈ G such
that Xj = g⊗Xi. From dimHom(Xj , g ⊗Xi) = dimHom(g,Xj ⊗X∗i ) = 1,
we know that g is a summand of Xj ⊗X∗i . On the other hand, Xj ⊗X∗i lies
in D since D is a fusion subcategory of C. Hence g is an element of G(D).
This proves that G(D) transitively acts on Irr(D)/G(D) 
Theorem 3.6. Let C be a generalized near-group fusion category of type
(G,Γ, k1, · · · , kn). Assume that (k1, · · · , kn) 6= (0, · · · , 0). Then
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(1) The adjoint subcategory Cad is non-pointed. There is a 1-1 correspon-
dence between the non-pointed fusion subcategories of C and the subgroups
of the universal grading group U(C).
(2) For any g ∈ U(C), the component Cg contains at least one invertible
simple object. In particular, Irr(Cg) = {αg, αg ⊗ Y1, · · · , αg ⊗ Ys}, where αg
is an invertible simple object in Cg and Irr(Cad) = {1, Y1, · · · , Ys}.
Proof. (1) Let D be a non-pointed fusion subcategory of C. For every non-
invertible simple object X ∈ D, Lemma 3.2 shows that
X ⊗X∗ =
⊕
h∈Γ
h⊕ k1X1 ⊕ · · · ⊕ knXn.
Hence the adjoint subcategory Cad is generated by Γ and Xi’s with ki 6=
0. Since (k1, · · · , kn) 6= (0, · · · , 0), Cad is not pointed. In particular, Cad
is a fusion subcategory of D. This shows that every non-pointed fusion
subcategory of C contains Cad. Therefore, part (1) follows from [3, Corollary
2.5].
(2) We shall first show that every component Cg of the universal grading
at least contains an invertible simple object. By part (1), Cad contains a
non-invertible simple object Y . Let X be a simple object in Cg. We may
assume that X is not invertible. Then X ⊗ Y ∈ Cg ⊗ Cad ⊆ Cg. By Lemma
3.2(2), X ⊗ Y contains |Γ| invertible simple objects. Hence Cg contains at
least one invertible simple object.
Let αg ∈ Cg be an invertible simple object, and 1, Y1, · · · , Ys be all non-
isomorphic simple objects in Cad. Then αg, αg ⊗ Y1, · · · , αg ⊗ Ys are non-
isomorphic simple objects in Cg. Since
FPdim(αg ⊗ Yi) = FPdim(Yi) and FPdim(Cg) = FPdim(Cad),
we obtain that αg, αg⊗Y1, · · · , αg⊗Ys are all non-isomorphic simple objects
in Cg. This completes the proof. 
Remark 3.7. Let C be a generalized near-group fusion category of type
(G,Γ, k1, · · · , kn). Then Proposition 3.6 implies the following two facts:
(1) If (k1, · · · , kn) 6= (0, · · · , 0) then the adjoint subcategory Cad is the
smallest non-pointed fusion subcategory of C. This is because that Cad
corresponds to the trivial subgroup of U(C).
(2) Assume that (k1, · · · , kn) 6= (0, · · · , 0). Then Cad is not pointed by
Proposition 3.6. Let X ∈ Cad be a non-invertible simple object. Then
Lemma 3.2 shows the decomposition of X⊗X∗ contains non-invertible sim-
ple objects. Hence (Cad)ad is not pointed. But part (1) shows that Cad is
the smallest non-pointed fusion subcategory of C. Hence Cad = (Cad)ad, and
hence the universal grading group U(Cad) of Cad is trivial.
Corollary 3.8. Let C be a generalized near-group fusion category of type
(G,Γ, k1, · · · , kn). Assume that (k1, · · · , kn) 6= (0, · · · , 0) and the group
G(Cad) is trivial. Then C = Cpt • Cad admits an exact factorization of Cpt
and Cad.
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Proof. Since G(Cad) is trivial, Theorem 3.6(2) shows that every component
Cg exactly contains only one invertible simple object. Let δg be the invertible
simple object in Cg. Then {δg|g ∈ U(C)} = G(C), and hence every simple
object of C can be expressed in the form X⊗Y , where X ∈ Cpt and Y ∈ Cad
are simple objects, also by Theorem 3.6(2). The result then follows from [6,
Theorem 3.8]. 
4. Slightly degenerate generalized near-group fusion
categories
Recall from [12] that a Yang-Lee category is a rank 2 modular category
which admits the Yang-Lee fusion rules.
Lemma 4.1. Let C be a generalized near-group fusion category of type
(G,Γ, k1, · · · , kn). Assume that FPdim(Cpt) = |U(C)| and (k1, · · · , kn) 6=
(0, · · · , 0). Then Cad is a Yang-Lee category.
Proof. By Proposition 3.6, every component Cg of the universal grading of
C at least has one invertible simple object. Hence, our assumption implies
that every component Cg exactly contains one invertible simple object.
By Proposition 3.3, the number of non-isomorphic non-invertible simple
objects is not more than the order of G. In addition, Theorem 3.6 shows
that every component Cg admits the same type. Hence every component Cg
only contains two simple objects: one is invertible and the other is not. In
particular, Cad is a Yang-Lee category by the classification of rank 2 fusion
categories [12]. 
An Ising category I is a fusion category which is not pointed and has
Frobenius-Perron dimension 4. Recall from [3] that any Ising category I
is a non-degenerate braided fusion category and the adjoint subcategory
Iad = Ipt is braided equivalent to sVec.
Lemma 4.2. Let C be a braided generalized near-group fusion category of
type (G,Γ, k1, · · · , kn). Assume that (k1, · · · , kn) = (0, · · · , 0) and C is
slightly degenerate. Then C is exactly one of the following:
(1) C ∼= I ⊠ B, where I is an Ising category, B is a slightly degenerate
pointed fusion category.
(2) C is generated by a √2-dimensional simple object. In this case, C is
prime.
Proof. Since we assume that (k1, · · · , kn) = (0, · · · , 0), the adjoint subcat-
egory Cad is generated by Γ and FPdim(X) =
√
|Γ| for all non-invertible
simple object X of C. In particular, C is a generalized Tambara-Yamagami
fusion category. By [11, Proposition 5.2(ii)], we have
|U(C)| = 2[G : Γ].(4.1)
By Proposition 2.4, |G| = 2|U(C)| or |G| = |U(C)|.
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Case |G| = 2|U(C)|. In this case, equality (4.1) implies that |Γ| = 4.
Proposition 2.4 shows that in our case Cad contains the Mu¨ger center sVec of
C. Let δ be the invertible simple object generating sVec. Then we may write
Γ = {1, δ, g, h}. Hence X⊗X∗ = 1⊕ δ⊕ g⊕h for any non-invertible simple
object X. In particular, dimHom(δ ⊗ X,X) = dimHom(δ,X ⊗ X∗) = 1
shows that δ ⊗X ∼= X, which contradicts [5, Proposition 2.6(i)]. So we can
discard this case.
Case |G| = |U(C)|. In this case, equality (4.1) implies that |Γ| = 2. Hence
C is an extension of a rank 2 pointed fusion category. The result then follows
from [2, Theorem 5.11]. 
In fact, Remark 3.4(1) implies that Lemma 4.2 classifies slightly degener-
ate generalized Tambara-Yamagami fusion categories.
Lemma 4.3. Let C be a braided generalized near-group fusion category of
type (G,Γ, k1, · · · , kn). Assume that (k1, · · · , kn) 6= (0, · · · , 0) and C is
slightly degenerate. Then C is exactly one of the following.
(1) C ∼= Cad ⊠ Cpt, where Cad is a Yang-Lee category.
(2) C ∼= Cad ⊠ B, where Cad is a slightly degenerate fusion category of the
form C(psl2, qt, 8) with q = e
pii
8 and (t, 2) = 1, B is a non-degenerate pointed
fusion category.
Proof. By Proposition 2.4, FPdim(Cpt) = |U(C)| or FPdim(Cpt) = 2|U(C)|.
Case FPdim(Cpt) = |U(C)|. In this case, Cad is a Yang-Lee category by
Lemma 4.1. Hence C ∼= Cad ⊠ C′ad by Theorem 2.2, where C′ad = Cpt by [3,
Corollary 3.29]. Hence C ∼= Cad ⊠ Cpt. This proves Part (1).
Case FPdim(Cpt) = 2|U(C)|. By Theorem 3.6, every component Cg of the
universal grading of C at least has one invertible simple object. Moreover,
every component Cg admits the same type. Hence every component Cg
exactly contains two invertible simple objects.
By Proposition 3.3, the number of non-isomorphic non-invertible simple
objects is not more than the order ofG. Hence the number of non-isomorphic
non-invertible simple objects in Cg is 1 or 2.
If the first case holds true then Cad is a fusion category of rank 3. By
Lemma 2.4, the Mu¨ger center of Cad contains the category sVec. This con-
tradicts Lemma 2.5 which says that the rank of Cad should be even.
If the second case holds true then Cad is a rank 4 fusion category. Let
δ be the non-trivial invertible simple object in Cad, and Y1, Y2 be the non-
invertible simple objects in Cad. Then δ generates the category sVec by
Lemma 2.4(2). By [9, Lemma 5.4], δ⊗Yi is not isomorphic to Yi for i = 1, 2.
Hence G[Yi] is trivial and δ ⊗ Yi ∼= Yj for i 6= j.
The fact obtained above implies that if the Mu¨ger center Z2(Cad) of Cad
contains Y1 or Y2 then Z2(Cad) = Cad and hence Cad is symmetric. Since Cad
contains sVec, Cad is not Tannakian. In addition, FPdim(Cad) > 2. Hence
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Cad should admit a Z2-extension of a Tannakian subcategory by [3, Corol-
lary 2.50]. This contradicts Remark 3.7 which says the universal grading
group of Cad is trivial. This proves that Z2(Cad) = sVec and hence Cad is
slightly degenerate. By [1, Theorem 3.1], Cad is a fusion category of the form
C(psl2, qt, 8) with q = e
pii
8 and (t, 2) = 1.
By Lemma 2.4(2) and the arguments above, Z2(Cad) = Z2(C′ad) = sVec.
On the other hand, [3, Proposition 3.29] shows that C′ad = Cpt. Hence Cpt
is slightly degenerate and admits a decomposition Cpt ∼= sVec⊠B by [5,
Proposition 2.6(ii)], where B is a non-degenerate pointed fusion category.
So C admits a decomposition C ∼= B ⊠ B′ by Theorem 2.2. Counting rank
and Frobenius-Perron dimensions of simple objects on both sides, we obtain
that B′ is a rank 4 non-pointed fusion category. By Remark 3.7, Cad is the
smallest non-pointed fusion subcategory of C. Hence Cad = B′. This proves
Part (2). 
Combing Lemma 4.2 and 4.3, we obtain the classification of slightly de-
generate generalized near-group fusion categories.
Theorem 4.4. Let C be a slightly degenerate generalized near-group fusion
category. Then C is exactly one of the following::
(1) C ∼= I ⊠ B, where I is an Ising category, B is a slightly degenerate
pointed fusion category.
(2) C ∼= Cad ⊠ Cpt, where Cad is a Yang-Lee category.
(3) C ∼= Cad ⊠ B, where Cad is a slightly degenerate fusion category of the
form C(psl2, qt, 8) with q = e
pii
8 and (t, 8) = 1, B is a non-degenerate pointed
fusion category.
(4) C is generated by a √2-dimensional simple object. In this case, C is
prime.
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